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Derivation of Einstein’s Equation from a New Type of four Dimensional Superstring
B. B. Deo and L. Maharana∗
Physics Department, Utkal University, Bhubaneswar-751004, India.
A new type of superstring in four dimension is proposed which has the central charge 26. The
Neveu Schwarz and the Ramond vacua are both tachyonic. The self energy of the scalar tachyon
cancels from the contribution of the fermionic loop of the Ramond sector. The NS tachyonic vacuum
is used to construct a massless graviton. Coulombic vector excitations of zero mass, referred as a
‘Newtonian’ graviton are also shown to exist. The propagators are explicitly evaluated. Following
the method of Weinberg, we deduce the Einstein’s field equation of general relativity.
PACS numbers: 11.25-w,11.30Pb,12.60.Jv
The string theory has come to prominence due to appearance of the graviton in the mass spectrum of Nambu-Goto
string. The researches on this line has been to develop gravity from a ten dimensional superstring by writing the
group invariant but nonrenormalisable supergravity Lagrangian and studying the phenomenology arising therefrom
at low energies. Recently one of us [1] has proposed a new type of superstring having central charge 26 and two
tachyons whose self energies cancel. The salient features are given below for completeness.
There is an effective dimensional reduction by adding 11 fermions which are the Lorentz vectors in SO(3,1) bosonic
sector, ψµ,j , j=1,..,6 ; φµ,k, k=7,..,11 in the world sheet (τ, σ), to the 4 bosonic co-ordinates Xµ(σ, τ). The action
is [1]
S = − 1
2π
∫
d2σ
[
∂αX
µ∂αXµ − iψ¯µ,jρα∂αψµ,j + iφ¯µ,kρα∂αφµ,k
]
. (1)
The upper indices (j,k) refer to rows and the lower indices to columns. Here ψµ,j = ψ(+)µ,j + ψ(−)µ,j but
φµ,k = φ(+)µ,k − φ(−)µ,k where +,− refer to the positive and the negative parts of the Majorana massless fermions.
There are in all 13 metric ghosts, two bosonic and eleven fermionic. In the Lorentz metric, the fermionic sector light
cone action is
Sl.c. =
i
2π
∫
d2σ
∑
µ=0,3
(
ψ¯µjρα∂αψµj − φ¯µkρα∂αφµk
)
contributes eleven to the central charge like the super conformal Faddeev-Popov ghosts. They will be eliminated from
the Fock space by the susidiary conditions. ρ-matrices are given in [1] and [2] along with other objects.
The action (1) is invariant under the transformations
δXµ = ǫ¯ ( ej ψµj − ek φµk ), (2)
δψµ,j = −i ej ρα ∂αXµ ǫ, (3)
δφµ,k = iek ρα∂αX
µ ǫ, (4)
with ǫ as the constant anticommutating spinor. ej and ek are the two unit component c-number row vectors with the
property that ejej′ = δ
j
j′ and e
kek′ = δ
k
k′ and it follows that e
jej=6 and e
kek=5.
The commutator of two supersymmetric transformation is a translation
[δ1, δ2]X
µ = aα∂αX
µ, (5)
where aα = 2iǫ¯1ρ
αǫ2. Similar are the results for the spinors ψ
µ,j = ejΨµ and φµ,k = ekΨµ where
Ψµ = ej ψµj − ek φµk . (6)
It is easy to verify that δXµ = ǫ¯Ψµ, δΨµ = −iρα∂αXµǫ and [δ1, δ2]Ψµ = aα∂αΨµ.
∗ E-Mail: lmaharan@iopb.res.in
2Thus Ψµ is the supersymmetric partner of Xµ. Introducing another supersymmetric pair, the zweibein eα(σ, τ)
and the ‘gravitino’ χα = ∇α ǫ, the local 2d supersymmetric action is [2]
S = − 1
2π
∫
d2σ e
[
hαβ∂αX
µ∂βXµ − iΨ¯µρα∇αΨµ + 2χ¯αρβραΨµ∂βXµ + 1
2
Ψ¯µΨµχ¯βρ
βραχα.
]
. (7)
The variation of this equation with respect to χα and eαb leads to the equations for current and energy momentum
tensors. In the gauge where the gravitino χα wii be zero, and e
a
α = δ
a
α,
Jα =
π
2e
δS
δχ¯α
=
1
2
ρβραΨ¯
µ∂βXµ − 1
2
Ψ¯µΨµραρ
βχβ = 0, (8)
Tαβ = ∂αX
µ∂βXµ − i
2
Ψ¯µρ(α∂β)Ψµ − (trace) = 0. (9)
In the light cone basis ψ˜ = (ψ+, ψ−) and φ˜ = (φ+, φ−), the above equations translate to
J± = ∂±XµΨ
µ
± = 0, (10)
and
T±± = ∂±X
µ ∂±Xµ +
i
2
ψ
µ,j
± ∂±ψ±µ,j −
i
2
φ
µk
± ∂±φ±µ,k = 0 (11)
where ∂± =
1
2 (∂τ ± ∂σ). The component constraints are
∂±Xµ ψ
µ,j
± = ∂±Xµ e
j Ψµ± = 0, j = 1, 2...6. (12)
∂±Xµ φ
µ,k
± = ∂±Xµ e
k Ψµ± = 0, k = 7, ...11. (13)
These eleven constraints are enough to eliminate the extra eleven Lorentz metric fermionic ghosts from physical
spectrum. However, there will be one current constraint, equation (10), from which the eleven follow. So there will
be eleven subsidiary current generators combinable to one and eleven pairs of (βj , γj), (βk, γk) ghosts combinable
to one pair (β, γ) for the construction of nilpotent BRST charge.
We write the action Sl.c.F in terms of light cone superpartner Ψ
±. The Hilbert space is supplemented by a space
where particles obey bose statistics and the light cone fermions are Grassmanians θ, θ¯. In particular, Ψ¯+(θ¯) = 12 θ¯γ¯
and ραΨ¯−(θ) = 12θβ
α. Integrating over θθ¯, we obtain Sl.c.F = − 12pi
∫
d2σγ¯∂αβ
α. Standard text book results follow.
For the two groups of fermions, the group invariant constraints are
∂±Xµ e
k φ
µ
±k = ∂±Xµ e
j ψ
µ
±j = 0. (14)
In the covariant formulation, the total number of physical degrees of freedom is the total number forty four minus
the total number of constraints. Due to the above four constraints ( 14), there are 40 physical space time fermionic
modes in the theory.
SO(3,1) has Dirac spinorial representation denoted by θj,δ and θk,δ, where δ = 1, 2, 3, 4. So we can construct a
genuine space time spinor with four components
θδ =
6∑
j=1
ejθjδ −
11∑
k=7
ekθkδ. (15)
The Green Schwarz action [2] exhibiting local four dimensional N=1 supersymmetry is
S =
1
2π
∫
d2σ
(√
ggαβΠα · Πβ + 2iǫαβ∂αXµθ¯Γµ∂βθ
)
, (16)
where Γµ are the Dirac gamma matrices and
Πµα = ∂αX
µ − iθ¯Γµ∂αθ. (17)
3It is difficult to quantise this action, so we fall back on the Neveu-Schwarz [3] and the Ramond [4] formulations with
the G.S.O [5] projection. The GSO operator is to project out the odd number of fermionic modes from the Hilbert
space and is defined as
G =
1
2
(
1 + (−)F ) . (18)
where F is the fermion number. The forty fermionic modes can be placed in five identical groups, each group
containing eight of them. The total partition function is that of a group of eight, raised to the power of five. It
has been shown by Seiberg and Witten [6] that the partition function of eight fermions with Neveu-Schwarz and
Ramond boundary conditions, vanish due to the famous Jacobi equality among the Θ-functions. Thus the total
product partition functions of the string states vanish. This is also the condition for a local supersymmetry.
The commutators and anticommutators between fields follow from the action of equation(1). The fields can be
quantised in the usual way [2]. Let the bosonic quanta be denoted by αµm, the (b
µ
r,j , b
′µ
r,k) with r half integral be the
quanta of (ψµj , φ
µ
j ) satisfying NS boundary condition and (d
µ
m,j , d
′µ
m,k) with m integral, satisfying Ramond boundary
condition. The nonvanishing commutation and anticommutation relations are
[αµm, α
ν
n] = mδm,−ng
µν , (19)
{bµ,jr , bν,j
′
s } = gµνδj,j
′
δr,−s,
{b′µ,kr , b
′ν,k′
s } = −gµνδk,k
′
δr,−s, (20)
{dµ,jm , dν,j
′
n } = gµνδj,j
′
δm,−n,
{d′µ,km , d
′ν,k′
n } = −gµνδk,k
′
δm,−n. (21)
The phase of the creation operator is such that for r, m > 0, b′−r = −b′†r and d′−m = −d†m It is necessary
to identify the relations bµ,jr = e
jBµr , b
′µ,k
r = e
kBµr , such that B
µ
r = e
jb
µ
r,j − ekb′µr,k. Similarly for the d, d′;
Dµm = e
jd
µ
m,j − ekd′µm,k. The Virasoro generators
Lm =
1
π
∫ pi
−pi
dσeimσT++
=
1
2
∞∑
−∞
: α−n · αm+n : +1
2
∑
r∈z+ 1
2
(r +
1
2
m) : (b−r · bm+r − b′−r · b′m+r) : NS
=
1
2
∞∑
−∞
: α−n · αm+n : +1
2
∞∑
n=−∞
(n+
1
2
m) : (d−n · dm+n − d′−n · d′m+n) : , R (22)
Gr =
√
2
π
∫ pi
−pi
dσeirσJ+ =
∞∑
n=−∞
α−n · Bn+r, NS (23)
Fm =
∞∑
−∞
α−n ·Dn+m. R (24)
satisfy the super Virasoro algebra [7]
[Lm, Ln] = (m− n)Lm+n + C
12
(m3 −m)δm,−n, (25)
[Lm, Gr] = (
1
2
m− r)Gm+r , NS (26)
{Gr, Gs} = 2Ls+r + C
3
(r2 − 1
4
)δr,−s, (27)
[Lm, Fn] = (
1
2
m− n)Fm+n, R (28)
{Fm, Fn} = 2Lm+n + C
3
(m2 − 1)δm,−n, m 6= 0. (29)
4Since, from equation (11), < T±±(z)T±±(ω) > =
26
2 (z − ω)−4 + ......, the central charge C=26. It is worth while
to note that < T l.c.±±(z)T
l.c.
±±(ω) > =
11
2 (z − ω)−4 with central charge 11. The terms, containing the central charge
C=26, are the anomaly terms due to the normal ordering [2]. As is well known, they are cancelled by the contribution
from the conformal ghosts (b,c).
This is also known that all anomalies will cancel if the normal ordering constant of Lo is equal to one. We define
the physical states as satisfying
(Lo − 1)|φ > = 0, Lm|φ >= 0, Gr|φ >= 0 for r,m > 0, : NS Bosonic (30)
Lm|ψ > = Fm|ψ >= 0 for m > 0, : R Fermionic (31)
(Lo − 1)|ψ >α = (F 2o − 1)|ψ >α= 0. (32)
So we have
(Fo + 1)|ψ+ >α= 0 and (Fo − 1)|ψ− >α= 0 (33)
These conditions shall make the string model ghost free.
It can be seen in a simple way. Applying Lo condition the state α
µ
−1|0, k > is massless and the L1 constraint
gives the Lorentz condition kµ|0, k >= 0 implying a transverse photon and Gupta Bleuler impose that α0−1|φ >= 0.
Applying L2, L3 ...., constraints, one obtains α
0
m|φ >= 0. Further, since [α0−1, Gr+1]|φ >= 0, B0r |φ >= 0 and
b0rj|φ >= ejB0r |φ >= 0; b′0rk|φ >= ekB0r |φ >= 0. All the time components are eliminated from Fock space.
From fourier transforms and defination, the eleven subsidiary physical state conditions are
Gjr|φ > = ejGr|φ >= 0, Gkr |φ >= ekGr|φ >= 0, for r > 0, NS (34)
F jm|φ > = ejFm|φ >= 0, F km|φ >= ekFm|φ >= 0, for m > 0. R (35)
We now proceed to write the nilpotent BRST charge. The part which comes from the usual conformal Lie algebra
technique is
(Q1)
NS,R =
∑
(L−mcm)
NS,R − 1
2
∑
(m− n) : c−mc−nbm+n : − a c0; Q21 = 0 for a = 1. (36)
The eleven pairs of commuting ghost quanta (βr, γr) of ghost fields (β(τ), γ(τ)), satisfying dγ = dβ = 0, needed for
subsidiary current generator operator conditions (34) and (35), are related as
βjr = e
jβr, β
′k
r = e
kβr, βr = e
jβr,j − ekβ′r,k, (37)
γjr = e
jγr, γ
′k
r = e
kγ′r, γr = e
jγr,j − ekγ′r,k. (NS) (38)
There are identical ones for the Ramond sector with half integral ‘r’ replaced by integral ‘m’ . The light cone ghost
quanta satisfy {b+,jr , b−,ls } = −δr,−sδj,l and {b
′+,k
r , b
′−,m
s } = −δr,−sδk,m, where as [γjs , βj
′
r ] = δr,−sδ
j,j′ and
[γks , β
k′
r ] = δr,−sδ
k,k′ and it follows that [γs, βr] = δr,−s. All that we want to know is the conformal dimensions, γ
with − 12 , and β with 32 ,
[ Lm, γ
(j,k)
r ] = −(
3
2
m+ n)γ
(j,k)
r+m, [ Lm, β
(j,k)
r ] = (
1
2
m− n)β(j,k)r+m. (39)
Using the Graded Lie algebra, we get the additional BRST charge.
Q′NS =
∑
G−rγr −
∑
γ−rγ−sbr+s,
Q′R =
∑
F−mγm −
∑
γ−mγ−nbn+m. (40)
It is to be noted that the products
G−rγ−r = G
j
−rγ−r,j −Gk−rγ−r,k,
so that all the eleven pairs of ghosts are present in the charge. As constructed, the BRST charge
QBRST = Q1 +Q
′, (41)
is such that Q2BRST = 0 in both NS and R sector [1]. In proving {Q′, Q′}+2{Q1, Q′} = 0, we have used the fourier
transforms, wave equations and integration by parts to show that
∑∑
r2γrγsδr,−s =
∑
r
∑
s γrγsδr,−s = 0. The
theory is unitary and ghost free.
5The mass spectrum is
NS : α′M2 = −1,−1
2
, 0,
1
2
, 1,
3
2
....,
R : α′M2 = −1, 0, 1, 2, 3.... . (42)
The GSO projection eliminates the half integral masses. The scalar bosonic vacuum energy < 0|(LNSo − 1)−1|0 >
is cancelled by the fermionic energy − < 0|(Fo − 1)−1(Fo + 1)−1|0 >, the negative sign arising due to the normal
ordering of the fermions. In both the sectors, we have the Regge trajectories α′M2 = −1, 0, 1, 2, 3.... .
Thus, satisfying ourselves that we have an anomaly free, ghost free and harmless but useful tachyons, we attempt to
tackle the problem of gravitational field theory from the above string theory. Let us construct tensors like bµ
− 1
2
i
bν
− 1
2
j
.
For simplicity, we drop the suffix − 12 . Consider the string state
a
†µν(p) =
∑
i,j
Cij(bµi b
ν
j + b
ν
i b
µ
j − 2ηµνbλi bλj )|0, p > . (43)
This is symmetric and traceless. Further Lo will be taken as the free Hamiltonian Ho in the interaction representation.
Operating on this state, one gets L0a
†µν(p) = 0. So this is massless. Further pµa
†µν = pνa
†µν = 0 if Cij = Cji.
If Cij is symmetric, a little algebra shows that
G 1
2
a
†µν(p) = [G 1
2
, a†µν(p)] = 0. (44)
Thus a†µν(p) satisfy all the physical state conditions due to Virasoro algebraic relations. This is the graviton. The
commutator is
[aµν(p), a†λσ(q)] = 2π|C|2δ4(p− q). (45)
To switch over to the quantum field theory, we define the gravitational field by space time fourier transform of aµν(p)
a
µν (x) =
1
(2π)3
∫
d3p√
2po
[
a
µν(p) eipx + a†µν(p) e−ipx
]
, (46)
with the commutator
[ aµν(x), aλσ(y) ] =
1
(2π)3
∫
d3p
2po
[ eip·(x−y) − e−ip·(x−y) ] fµν,λσ, (47)
where
fµν,λσ = gµλ gνσ + gνλ gµσ − gµν gλσ. (48)
The Feynman propagator is
∆µν,λσ(x− y) =< 0| T (aµν(x) aλσ(y) )|0 > = 1
(2π)4
∫
d4p ei p·(x−y) ∆µν,λσ(p), (49)
where
∆µν,λσ(p) =
1
2
fµν,λσ
1
p2 − iǫ .
This is the propagator of the graviton in the interaction representation.
As already noted in this superstring theory there is also a massless vector following from the L0 condition acting
on αµ−1|0, p > with Lorentz relation pµ|0, p >=0, due to the L1 condition. With the help of a time like vector nµ , we
can construct another traceless second rank ‘Newtonian’(N) tensor
a
†µν
N,1 =
(
nµαν−1 + n
να
µ
−1 − gµν(n · α−1
) |0, p >NS . (50)
There are several points which are conflicting. While forming the commutator like equation(47) ,we will arrive at
a term with gµνgλσ which is already there in the graviton propagator. So there will be over counting. Secondly,
6n · α−1 ∼ αo−1 and is excluded in the Fock space, but is necessary for vanishing of the trace.
We now proceed to construct the propagators, remembering that this is local and there is no pole at |p|2 = po2
except in the gµνgλσ term
∆µν,λσN,1 =
1
2
(
f
µνλσ
N
|p|2 −
gµν nλ nσ + gλσ nµ nν
|p|2 −
gµνgλσ
p2
)
, (51)
where
f
µνλσ
N = g
µλ nνσ + gµσ nνλ + gνλ nµσ + gµλ gνσ − gµν nλnσ − gλσ nµnν . (52)
We have still the traceless tensor Πµν(p) [8] and the creation operator L−1|o,p >. Since
< o, p|L1 L−1|o, p >=2, we construct a third traceless tensor,
a
†µν
N,2 =
1√
2
Πµν L−1 |o, p >R . (53)
The propagator is simply
∆µν,λσN,2 =
1
2(p2 − iǫ)Π
µνΠλσ. (54)
The gradient terms do not contribute when contracted with conserved energy momentum tensor. Ignoring the gradient
terms
Πµν → gµν + p
2
|p|2n
µ nν ,
leading to
∆µν,λσN,2 =
1
2(p2 − iǫ)
(
gµνgλσ + (gµνnλnσ + nµnνgλσ)
p2
|p|2 + n
µnνnλnσ
(p2)2
|p|4
)
. (55)
The total ‘Newtonian’ graviton propagator is
∆µνλσN =
1
2
fµνλσ
|p|2 +
1
2
nµnνnλnσ
(p2)
|p|4 . (56)
In all
∆µνλσF = ∆
µνλσ +∆µνλσN . (57)
In space time, the fourier transformed propagator is
∆µνλσN (x− y) =
1
(2π)4
∫
d4p eip·(x−y)∆µνλσN (p)
=
1
2
[(
f
µνλσ
N + n
µnνnλnσ
)
δ(xo − yo) D(x− y) + nµnνnλnσδ¨(xo − yo)E(x − y)
]
, (58)
where
E(x) =
1
(2π)3
∫
d3qeiq.x
1
|q|4 = E(o) −
|x|
4π
, (59)
and
D(x) =
1
(2π)4
∫
d3qeiq.x
1
|q|2 =
1
4π|x| . (60)
7Thus we have obtained the quantum field theoretic result of Weinberg [8] from this new string theory. ∆µνλσN (x− y)
is highly divergent and to cancel this we must add to the free Hamiltonian Ho, an interaction Hamiltonian H
′
N (t) as
specified below
H ′N (t) =
1
2
∫ ∫
d3x d3y ( 2θµo (x, t)θµo(y, t) −
1
2
θµµ(x, t)θoo(y, t)
− 1
2
θoo(x, t)θ
µ
µ(y, t) −
1
2
θoo(x, t)θoo(y, t) )D(x− y) + 1
2
∫ ∫
d3x d3y θoo(x, t)θ¨oo(y, t)E(x − y). (61)
As Weinberg puts it, ‘this term ugly as it seems, is precisely what is needed to generate Einstein Field Equations when
we pass to Heisenberg representation’. θµν is the symmetric energy momentum tensor with vanishing divergence and
includes the self energy of the gravitational field, the matter field and the Pauli term. In the Heisenberg representation,
the spatial components are defined as
a
ij
H(x)−
1
3
δijδklaklH(x) = U(x
o)aij(x)U−1(xo), (62)
where
U(xo) = eiHot and ∂µ∂
µ aij(x) = 0, ∂ia
ij(x) = 0.
The only nonvanishing commutator is [
aij(x), a˙kl(y)
]
= i Dij,kl(x− y). (63)
To evaluate the D’s from the derived propagation function , we introduce a four vector pˆµ = (1, pˆ) and note that
pˆµ =
pµ + nµ(|p| − po)
|p| . (64)
The terms containing pµ when contracted with conserved currents vanish. So we have the effective equality
nµnν
|p|2 =
1
p2
[qˆµnν + qˆνnµ − qˆµqˆν ] + gradient terms. (65)
With the poles at p2, the Green’s functions are easily calculated. After some algebra, retaining the spatial parts, we
get
Dij,kl(x− y) = 1
2
[δikδjl + δilδjk − δijδkl ]δ(3)(x− y)
+
1
2
[∂i∂kδjl + ∂i∂lδjk + ∂l∂kδil − ∂i∂jδkl − ∂k∂lδij ]D(x− y)
+
1
2
∂i∂j∂k∂l E(x− y). (66)
The solutions to the Heisenberg field equations are easily worked out and are given by Weinberg [8]. With θH,kl as
the energy momentum tensor in the Heisenberg representation
∂µ∂µ
[
a
ij
H(x, t)−
1
3
δijδkla
kl
H(x, t)
]
= −
∫
d3y Dij,kl(x− y)θH,kl(y, t). (67)
With Weinberg we also invent the time derivatives from the direct contact term
H ′N (t) =
1
2
∫ ∫
d3xd3y ( [ 2 θio(x, t)θio(y, t) −
1
2
θii(x, t)θoo(y, t)
− 1
2
θoo(x, t)θ
i
i(y, t)−
1
2
θoo(x, t)θoo(y, t) ]D(x− y)
+ θoo(x, t)θ¨oo(y, t)E(x − y) ). (68)
8and define
aioH(x, t) =
∫
d3y θioH(y, t)D(x − y); ∇2aioH(x) = −θioH(x),
aiiH(x, t) =
3
2
∫
d3y θooH (y, t)D(x − y); ∇2aoiH(x) = −
3
2
θooH (x),
aooH (x, t) =
1
2
∫
d3y [θooH (y, t) + θ
i
Hi(y, t)]D(x − y)−
1
2
∫
d3yθ¨oo(y, t)E(x − y),
∇2aooH (x) = −
1
2
θiHi(x) −
1
2
θooH (x) +
1
3
a¨iHi(x). (69)
Using tracelessness condition and current conservation condition
∂ia
ij
H(x) =
1
2
∂jθiHi(x),
∂ia
i
Ho(x) = −
2
3
∂oθ
i
Hi(x). (70)
and after some algebra we arrive at the result obtained by Weinberg
R
µν
H (x) = −θµν(x) +
1
2
gµνθλλ(x), (71)
where
R
µν
H (x) = ∂
µ∂µa
µν
H (x)− ∂µ∂λaλνH (x)− ∂ν∂λaλµH (x) + ∂µ∂νaλHλ(x). (72)
This equation can be put in the Einsteinian form
R
µν
H (x)−
1
2
gµνRλHλ = −θµνH (x). (73)
Thus the presence of the tachyons in superstring theory has provided the massless states which have led to the
construction of graviton and Newtonian graviton and finally enabled us to deduce the Einstein’s field equations
following Weinberg. This was first deduced by S.N Gupta [9].We have made a direct contact from spin 2 quanta string
amplitude to the field of the graviton with the help of the tachyonic vacuum. To our knowledge, this is the first direct
derivation of the Einstein’s field equation from the superstring theory following Weinberg [8]. Since superstring theory
is renormalisable,we hope that our research will help in probing further into the subtelities of Quantum Gravity.
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